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ABSTRACT. In this paper, is proposed a numerical approximation for solving fractional

Riccati equation. The our numerical method is based on fractional-order Muntz-Legendre
functions to abtain a numerical approximation of unknown functions. Also we use Caputo
fractional derivative for fractional calculus. Finally, by applying the collocation method, The
Riccati equation lead to a system of algebraic equations that easily solvable. Some numerical
examples Show the efficiency and accuracy of the present method.

1. Introduction

It is well known that, fractional calculus is one of the important parts of the numerical
analysis and physics. One of the most important branches that researchers pay attention to
are fractional differential equations. Several articles and books have been published on these
topics [1, 2, 3, 4]. Of these, some of equations are in standard models. For example
population growth model [5, 6] and the nonlinear oscillation of earthquake can be modeled
with fractional derivatives [7]. For a lot of them, an analytical solution is not available and
they have to solve them in numerical methods. One of this kind of the fractional order
differential equations is the Riccati equation. This equation is a nonlinear fractional

differential equation of the from

.

(1) a(t) DZu(t) + b(t)u(t) + c(t)u?(t) = g(t),

(2) u(0) = B, 0<tgl, A<asl,
where a(t), b(t), c(t) and g(t) are known continuous functions on G =[0,1], and a is the
order of fractional derivative in the Caputo sense. Several numerical methods applied to
solve Eqg. (1). For example Tau method [8], variational iteration method [9], and other
methods [10, 11, 12, 13]. The aim of this paper
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is to apply the factional-order Muntz-Legendre functions (FMLFs) for solving
fractional Riccati Eg. (1) (FRE), Using collection method.
This paper is organized as follows. Review of Caputo fractional derivative, is
provided in Section 2. In Section 3, presents fractional-order Muntz-Legendre
functions and its properties. Numerical method for solving Eq (1) is established
in Section 4. Finally, we illustrate in Section 5, some numerical examples to
show the efficiency and convergence of the proposed method.

2.Review of Caputo fractional derivative

3. 2.1. definition

The fractional derivative of y(t) in the Caputo sense is defined as

3) Doy (t) — r(%a) /0 (t — 1)~y (r)dr

forO<a<l1,t>0.

2.2. properties
Some properties of the Caputo fractional derivative and operator D* ,which
will be used later, are as follows
i) D2C =0, where C is a constant.
ii)
) Do — F—(I;%QL)t”_“, a>0,v>-1,t>0, v>|[a]
* 0, v € Ny, v < [a],
where [a] is the smallest integer greater than or equal to a and No ={0,1, ...}.
Iii) the Caputo fractional derivative is a linear operation:

D2(Saw®) =3 asDew(t)
=1 1=1

For more details about the properties of the Caputo fractional derivative see

[2].

3. Review of fractional-order muntz polynomials

In this section, we give the definition and some properties of fractional-order
Muntz-Legendre functions.

Definition 1. [15] The fractional-order Muntz-Legendre functions on the in-
terval [0, T] are represented by the formula

(5) Ln(t; a) = Z cn,k(%)kay
k=0
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where
Clie= wﬁ ((k+v)a+1).
o arkl(n — k)! -1
The function Li(t; ), k =0,1,--- ,n form an orthogonal basis for M, , =

Span{l,t%,--- ,t"*}, t € [0, 7.
Also is satisfies

Lo(t:0) =1, La(tie) = (- +1) ()" ~ =,

b1,nLn+t1(t; @) = bon(t)Ln(t; @) — b3 nLn—1(t; 0),

where

-1
?

b =al3 ", ban() = ags " (25)% ~ 1), byn = af
aln =2n+1)(n+a+B+1)2n+a+pB),

a5t (z) = 2n+a+B+1)[2n+a+B)2n+a+ B +2)z+a®— Y,
a3n =2n+a)(n+B)2n+a+B+2).

Theorem 3.1. LetL,(t; a) be a fractional-order Muntz-Legendre functions,
then we have the following Caputo fractional derivative of the functions

1
=1
n

Ln(t; a): O
(6) DLy (t;a) = ZDM~ i
where P
D LEbe) o

T T+ ka—a)Te ™

Proof. It is the result of Egs. (4) and (5).
4.Functions approximation and description of the method Definition 2. An
arbitrary function u(t) can be expanded as follows:



(7) u(t) =~ um(t) = Y a:Li(t; ) = AT(t),
=0

where
(8) A= [aovala"' aa’m]T7
(9) ¢(t) = [Lo(t;a)sLl(t; C!),... aLm(t; a)]T‘

Theorem 4.1. Let ¢(t) be a fractional Muntz-Legendre vector defined in (9),
then

(10) D¢(t) = [D¥Lo(t; @), DLy (¢; @), . . ., D* L (t; )]7,
where D L;(t; ) given in Eq. (6).
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Let u,(t) is an approximation for exact solution u(t) of Eq. (1), then all the

terms of Eq. (1) can be expanded as

™m

(11) u(t) =~ unlt) = Zu,l.,(!:u) = .1'.4;:(!).
=0
(12) D%u(t) =~ D3 um(t) Zu,l)','l..(!:n) .17.1)',"."(1),
=0
(13) u?(t) ~ u2 (1) (2:41,1.,(r:u))2 (.1"'0“))'.
=10
(14)

For computation the Caputo fractional derivative in Eq. (12) using Eq.(10).
Now, with suitably choice of collection pointsastj=(jh) a,h=-T.,j =
0,... ,m and employment collection method by substituting Egs. (11) - (13) in
Egs. (1) and (2), we get a nonlinear system of algebraic equations as

Fo(A) = AT¢(0) - 8 = 0,

Fi(A) = a(ty) AT D2p(t) + blt;) AT (1) 4 r(l,)(,l’«;)(f,’)) g(t;) =0, j=1,---,m

After solving the nonlinear system

(15) F(A) ' ) 0,
I",,,.(A)

we can find A defined in Eq. (8) and approximate solution

m

“m(') Z“L'I'A'(,:”)-

k=0

we can find A defined in Eqg. (8) and approximate solution
Em(a) = max{|u(t;) — um(t;)|}.

5-Numerical Hlustration

In this section, we present some examples of FRE to show the efficiency
and convergence of the proposed method. The results will be compared with



the exact solutions and other methods. The accuracy of our method are
estimated by maximum absolute error E,(a), which are given as follows:

Em(a) = max{[u(t;) - um(t;)[}-
Example 1. Consider the FRE [14]

3 2
Diu(t) + u(t) +u®(t) =g(t), te(0,1), 0<ac<l,
u(0) =0,
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FIGURE 1. Numerical results for Example 1.

8t2
g(t) = F12 4 ¢,

- 3/ (7)

The exact solution is u(t) = t*. The results are shown in Fig. 1. Fig. 1 shows
comparison between the exact solution and approximate solution by the present
method with m = 3 and m = 8. We see that proposed method has the high accuracy
even with small m, (m = 8) in this example.

Example 2. Consider the FRE [14]

D2u(t) + u(t) + u®(t) = g(t), te€(0,1), O<a<l,
u(0) =1,
where g(t) = (Eo(—t*))? and E,(z) is the Mittag-Leffler function defined as
k

o0
E.(2) = ~ :
a(2) kz.or(uk+ 1)

The exact solution is u(t) = Ea(-t%). The results are shown in Table 1 and Figs. 2 and 3. Table
1 shown a comparison of maximum absolute error E,(a) of present method with numerical
method in [14]. Fig. 2 shows comparison between the exact solution and approximate solution
with m =16 and various values of a. Fig. 3 shows the logarithmic graphs of En(a) (logio
Em(a)). We see that the absolute error converges to zero asm” 00.

Example 3. Consider the FRE [14]

DPult) + tu(t) 4 Qu=(t) glt), t(0.1). 0O 0 l.
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TABLE 1. Maximum absolute error for Example 2.

a E4 (a) E8(a) Ei2(a) Ei6(a) E25(a)in [14]
0.25 6.7145e-05 5.3711e-08 2.6507e-11 3.5083e-14 1.7e-11
0.50 1.2287e-04 2.3106e-08 3.2019e-10 1.1102e-15 9.3e-12
0.75 1.0765e-04 2.088le-09 9.3142e-13 9.325%-14 7.4e-12
0.95 6.5721e - 05 1.8347e-10 4.5747e-13 3.2752e-13 3.2e-14

]

FIGURE 2. Comparison between the exact solution and approximate solution for
Example 2.

u(0) =0,
where
g(t) = — t° + 2116 4 35+3 _ 12¢12+3 4 63,140 4 o78ta _

S

3

- 40320t%°T(1—a) 3t*30(1-a)l(5+ %)
I'9 - a) I'(5 - fz')

9
t —‘l'(l —a)l'(1 + a).

t5 — 3t4+3 4+ Jt.

The results are shown in Table 2 and Fig. 4. Table 2 shown a comparison of
maximum absolute error E,(a) of present method with numerical method in
[14]. We see that with increasing m, the absolute error converges to zero. Also,

Fig. 4 shows comparison between the exact solution and approximate solution
with m = 16 and various values of a.
6- Conclusion

In this paper, we applied fractional Muntz-Legendre functions (FMLFs)
together with collocation method to obtian the numerical solution of nonlinear

The exact solution is u(t)
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FIGURE 3. E (@) convergence for Example 2.

TABLE 2. Maximum absolute error for Example 3.

a E4 (a) Eg (a) Ei2(a) Eie(a) E25(a)in [14]
0.35 5.1925e-02 4.9486e-03 5.4553e-05 1.4113e-07 2.1e- 06
050 7.0017e-02 1.5892e-03 2.3322e-06 1.5152e-12 4.2¢e- 06
0.75 6.0276e-02 1.9545e-04 3.4748e-09 8.8186e - 10 5.1e- 07
090 7.7444e-02 3.0473e-05 7.4103e-09 4.0646e - 10 4.9 - 07
0.95 9.4292e-02 6.5228¢-06 6.2094e-08 3.8992¢ - 09 2.2e- 07

fractional Riccati differential equation. We did a comparison between the exact
solution and approximate solutionsome with our method and another method.
Numerical examples show the efficiency and convergence of the our method.

References

R. Hilfer, Applications of Fractional calculus in Physics, World Scientific
Publishing Company, Singapore, 2000.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.
K. B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, New York,
1974,

K. S. miller, B. ROss, An introduction to The Fractional Calculus and Fractional
Differential Equations, Wiley, New York, 1993.

S. Momani, R. Qaralleh, Numerical approximations and Pade approximants for
fractional population growth model, Appl. Math. Model. 31 (2007) 1907- 1914,

H. Xu, Analytical approximations for a population growth model with fractional
order, Commun Nonlinear Sci Numer. Simulat. 14 (2009) 1978-1983.

J. H. He, Nonlinear oscillation with fractional derivative and its applications, in:
International Conference on Vibrating Engineering, Dalian, China, (1998) 288-291.
M. I. Syam, H. Syyam, I. Al-Subaihi, Tau-path following method for solving the
Riccati equation with fractional order, J. Comput. Methods Phys. 2014.

9



FMLFS FOR SOLVING FRE

*  Apwee wiene st ot e

.
.....
- -
-
e

FiGurRe 4. Comparison between the exact solution and ap-
proximate solution for Example 3.

M. Merdan, On the solutions fractional Riccati Differential equation with
modified Riemann-Liouville derivative. Int. j. Differ. Equ. (2012) 1-17.

M. Khader, Numerical treatment for solving fractional Riccati differential
equation, J. Egypt. Math. Soc. 21 (2013) 32-37.

Saadatmandi, A. Dehghan, M. (2010). A new operational matrix for solving
fractional- order differential equations. Computers mathematics with
applications, 59(3), 13261336.

M. Ahmadi Darani, M. Nasiri, A fractional type of the Chebyshev polynomials
for approximation of solution of linear fractional differential equations.
Computational Methods for Differential Equations, 1 (2013) 96-107.

Kazem, S., Abbasbandy, S., Kumar, Fractional-order Legendre functions for
solving fractional-order differential equations. Applied Mathematical
Modelling, 37(2013) (7), 5498-5510.

Bothayna S.H. Kashkari, M. I. Syam, Fractional order Legendre operational
matrix of fractional integration for solving the Riccati equation with fractional
order, Appl. Math. Comp. 290 (2016) 281-291.

Esmaeili, S., Shamsi, M., Luchko, Y. (2011). Numerical solution of fractional

differential equations with a collocation method based on Mntz polynomials.



American Academic & Scholarly Research Journal aasrj
ISSN 2162-3228 Vol 9, No 6, Sept 2017

Computers Mathematics with Applications, 62(3), 918-929.
I. Podlubny, M. Kacenak, MATLAB implementation of the Mittag-Leffler
function, 2005-2009. http://www.mathworks.com.

11


http://www.mathworks.com/

